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Abstract. The main issue we address in the present paper are the new models for com- 
pletely nonunitary contractions with rank one defect operators acting on some Hilbert space 
of dimension N < oo. These models complement nicely the well-known models of Livsic and 
Sz.-Nagy-Foias. We show that each such operator acting on some finite-dimensional (re- 
spectively separable infinite-dimensional Hilbert space) is unitarily equivalent to some finite 
(respectively semi-infinite) truncated CMV matrix obtained from the "full" CMV matrix 
by deleting the first row and the first column, and acting in (respectively ^^(N)). This 
result can be viewed as a nonunitary version of the famous characterization of unitary oper- 
ators with a simple spectrum due to Cantero, Moral and Velazquez, as well as an analog for 
contraction operators of the result from U concerning dissipative non-self-adjoint operators 
with a rank one imaginary part. It is shown that another functional model for contractions 
with rank one defect operators takes the form of the compression /(C) — > P/c (C /(C)) on the 
Hilbert space i^(T, c?/i) with a probability measure /i onto the subspace K. = L^{T, rf/i) 0C. 
The relationship between characteristic functions of sub-matrices of the truncated CMV 
matrix with rank one defect operators and the corresponding Schur iterates is established. 
We develop direct and inverse spectral analysis for finite and semi-infinite truncated CMV 
matrices. In particular, we study the problem of reconstruction of such matrices from their 
spectrum or the mixed spectral data involving Schur parameters. It is pointed out that 
if the mixed spectral data contains zero eigenvalue, then no solution, unique solution or 
infinitely many solutions may occur in the inverse problem for truncated CMV matrices. 
The uniqueness theorem for recovered truncated CMV matrix from the given mixed spectral 
data is established. In this part the paper is closely related to the results of Hochstadt and 
Gesztesy-Simon obtained for finite self-adjoint Jacobi matrices. 
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1. Introduction 

It is well known [2j that every self-adjoint or unitary operator with a simple spectrum act- 
ing on some separable Hilbert space is unitarily equivalent to the operator of multiplication 
by the independent variable on the Hilbert space L^(M, dfi) or L^(T, dfi), respectively, where 
dn is a probability measure on the real line M or on the unit circle T={(^gC:|C| = 1}. 
The matrix representation of self-adjoint operators with simple spectrum was established 
for the first time by Stone [IJ. He proved that every self-adjoint operator with a simple 
spectrum is unitarily equivalent to a certain Jacobi (tri-diagonal) matrix of the form 

fbi ai ■ A 

(1.1) J= r ° n ■ ■ ' 

^ ^ 02 03 as ■ ■ ' 

v / 

where > 0, and bk are real numbers for all A; G N. The non-self-adjoint version of the 
Stone theorem has been recently obtained in [1] for dissipative non- self- adjoint operators with 
rank one imaginary part. It turned out that the matrix representation of such operators is 
a non-self-adjoint Jacobi matrix of the form f 1 1.1 1) with only nonreal first entry hi satisfying 
Im6i > 0. 

The problem of the canonical matrix representation of a unitary operator with a simple 
spectrum has been recently solved by M. Cantero, L. Moral and L. Velazquez in [11]. They 
introduced and studied five-diagonal unitary matrices of the form 

...\ 



P3P2 

-P3«2 • • • 

-a^a^ ■ ■ ■ 
/ 

Such matrix appears as a matrix representation of the unitary operator {Uf ){() = C/(C) 
L2(T, dn) with respect to the orthonormal system {xn} obtained by orthonormalization of the 
sequence {1, C, C~^; C^; C~^; • • •}• The so called Schur parameters or Verblunsky coefficients 
{an}, \an\ < 1, arise in the Szego recurrence formula 



;i.2) 



C = C({a„}) 



/«0 


aipo 


PiPo 





Po 


— ttiao 


-pi«o 








a2Pi 


—0(20(1 


a3P2 





P2P1 


-P2«l 


-a3tt2 











a4P3 


v.. 









C$„(C) = $n+l(C) + «nC$n(l/C), n = 0,l, 
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for monic orthogonal with respect to d/j, polynomials and p„ := -x/l — [anp- The 

matrices C({a„}) are called the CMV matrices. The spectral analysis of CMV matrices has 
recently attracted much attention, and we refer on this matter to the papers [HI [121 (201 136[ 
[371 [38]. 

The spectral theory of non-self-adjoint and nonunitary operators and their models is based 
on the concept of characteristic function of the corresponding operator or the operator 

colligation p[ni[ini[25l[2Zl[2Sl[2ni[2ni[2Il[321[S3l[3Hi. 

In this paper we employ the Sz.-Nagy-Foias theory [3S| and the unitary colligations ap- 
proach [10] to the spectral analysis of contractions acting on Hilbert spaces. The correspond- 
ing characteristic function belongs to the Schur class of operator-valued functions holomor- 
phic in the open unit disk D. By Sz.-Nagy-Foias theorem [39l Proposition VI. 2.1] each 
completely nonunitary contraction T with rank one defect operators Dt = {I - T*Ty/^ and 
Dt* = (/ — TT*)^/"^ (shortly, with rank one defects) is unitarily equivalent to the operator 
(functional model) of the form 

(i/^ ©c1osAL2(T))) e {Om© Am : m G H"^] = 



e 



■.feH',ge clos AL2(T)), PH^iQf + Ag) = 



where H'^ is the Hardy space, 

e = Qt{z) 



(-T + zDt* (J - zT*)-^Dt) \ D 



T 



is the characteristic function of T, A^ = 1 — Ph^ is the orthogonal projection onto 
in I/^(T), and Pj^q is the orthogonal projection onto the model space i^e- 

We obtain a new functional model that complements the above mentioned Sz.-Nagy-Foias 
functional model, and show that every completely nonunitary contraction T with rank one 
defects is unitarily equivalent to the compression f{() -Pa: (C /(C)) '^'^ the Hilbert space 
L^(T, dfi) with a probability measure fi onto subspace K, = L'^{T, dfi) C. 

We study the so called truncated CMV matrix T obtained from the "full" CMV matrix 
C = C({a„}) (11. 2p by deleting the first row and the first column: 

/—aiao — pi«o . . .\ 

a2Pi -a2ai a^p2 P3P2 
P2P1 -P2ai -0302 -P3"2 • • 



r = r({a„}) 



V 



In the semi-infinite case T takes on the block-matrix form (see Section 4.3) 

(Bi Ci ■ A 
Ai B2 C2 0- 
^2 iSs C3 ■ 



T 



It turned out that the truncated CMV matrix T({a„}) is a contraction with rank one defects, 
and the Sz.-Nagy-Foias characteristic function that agrees with the Schur function f asso- 
ciated with the measure p |37]. Moreover, we show that the sub-matrix T*^'^^ ({«„}) obtained 
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from T({q;„}) by deleting the first k rows and columns is also a contraction with rank one 
defects, and its characteristic function agrees with the well known k^^ Schur iterate 



This relation is an analog of the corresponding relation between the m-function of a Jacobi 
matrix and the m-function of its sub-matrix (cf. [21]). 

Our main result states that each completely nonunitary contraction T with rank one defects 
is unitarily equivalent to the one-parameter family T({e**a„}), where {an} are the Schur 
parameters of the Sz.-Nagy-Foias characteristic function ofT. We develop direct and inverse 
spectral analysis for finite and semi-infinite truncated CMV matrices. It is shown that given 
an arbitrary set of N not necessarily distinct numbers from D there is a one-parameter 
family of unitarily equivalent N x N truncated CMV matrices having those numbers as the 
eigenvalues counting algebraic multiplicity. We prove the uniqueness of N x N truncated 
CMV matrix T with given not necessarily distinct eigenvalues zi, . . . ,Zr and given first N — 
r -|- 1 Schur parameters ao(T), . . . , aAr_r(T). This result on inverse spectral analysis of 
finite truncated CMV matrices is an analog of the Hochstadt |23] and Cesztesy- Simon [21] 
uniqueness theorems for finite self-adjoint Jacobi matrices as well as for established in |1] 
uniqueness theorem for finite non- self- adjoint Jacobi matrices with rank one imaginary part. 
We obtain the existence of N x N truncated CMV matrix T when its eigenvalues zi, . . . ,Zm 
and the last Schur parameters am{T), . . . , a^iT) are known. 

Here is a summary of the rest of the paper. In Sections 2 and 3 we discuss some basics from 
the Sz.-Nagy-Foias theory and the unitary colligations with the focus upon the characteristic 
function and its properties. Section 4 provides a brief overview of the theory of orthogonal 
polynomials on the unit circle and CMV matrices. The main results concerning truncated 
CMV matrices and the models of completely nonunitary contractions with rank one defects 
are presented in Section 5 and 6. The final section 7 deals with the inverse spectral analysis 
for truncated CMV matrices. 

2. Contractions, unitary colligations, and their characteristic functions 

2.1. Contractions and the Sz.- Nagy — Foias characteristic functions. Let if be a 

separable Hilbert space with the inner product (■,■). A bounded linear operator T in if is 
called a contraction if ||T|| < 1 (for the basic properties of contractions see [39| Chapter 1]). 
If T is a contraction then the operators 



are called the defect operators of T or shortly defects, and the subspaces Dt = fanDT, 
Dt* = fan i^T* the defect subspaces of T. The dimensions dim!!)^, dirnDx* are known as 
the defect numbers of T. Given a pair of numbers n, ra* = 0, 1, . . . , cxd it is easy to construct 
a contraction with n = dimS)^, n* = dimlD^*. Each contraction T acting on a finite 
dimensional Hilbert space has equal defect numbers: n = n*. 
The defect operators satisfy the following intertwining relations 





Dt := {I -T*Tf'^ 



Dt 



_ rprp*y/2 




TD' 



Dt*T, 



T*Dt* = DtT*, 
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and the block-operators 

-T* Dt\ /DtA f^A f-T Dt*\ f^A f^T* 

Dt* T ) ■ \ H ) ^ \ H ) ^ \Dt T* )'-\h)'^\H 

are unitary operators in the corresponding orthogonal sums of the spaces. It follows from 
f l2A|) that TDt C Dt*, T*Dt* C S)t, and T(kerDT) = kerDy*, T*(kerDT*) = kerDy- 
Moreover, T \ ker Dt and T* f ker Dt* are isometric operators. It follows that T is a quasi- 
unitary extension [26] of the isometric operator V = T\ ker Dt (for the definition see Section 
6.2). 

A contraction T is called completely nonunitary if there is no nontrivial reducing subspace 
of T, on which T generates a unitary operator. One of the fundamental results of the 
contractions theory [5^ Theorem 1.3.2] reads that, given a contraction T in H, there is a 
canonical orthogonal decomposition 

H = Ho®Hu T = To©Ti, T,=T\H„ j = 0, 1, 

where i^o and ifi reduce T, Tq is a completely nonunitary contraction, and Ti is a unitary 
operator. Moreover, 



Hi= If^ kerZ^T" ) n ( n kerL'T- ) 

\n>l / \n>l / 



SO, 

(2.2) T is completely nonunitary <^=^ j kerDr" I I ker Dj-.n j = {0}. 

\n>l / \n>l / 

Clearly, 

Pi ker Drn = HQ span {T*"DtH, n = 0, 1, . . .} , 

(2.3) 

Pi ker Dt- = e span {T^'Dt^H, n = 0, 1, . . .} . 

n>l 

Let be an isometry in H. A subspace in iZ is called wandering for V if V^Q _L V^Q 
for all p,q & p ^ q. Since V is an isometry, the latter is equivalent to V"'Q _L Q for all 
n e N. If = X]^o ©^"^5 then V is called a unilateral shift and f2 is called the generating 
subspace. The dimension of Q is called the multiplicity of the unilateral shift V. It is well 
known [39, Theorem 1. 1.1] that is a unilateral shift if and only if ^"^H = {0}. Clearly, 
if an isometry V is the unilateral shift in H, then Q = H Q VH is the generating subspace 
for V. 

Given a contraction T in H and a subspace Sj G H, the unilateral shift V : S) Sj 
is said to be contained in T, if 9) is invariant for T, and T\S^ = V [I3]. The subspaces 
f] ker Dt" and f] ker Dt*" are invariant for T and T*, respectively, and the operators 

n>l n>l 

Vr := kerZ^j-n and Vp* '■= \ f] ker Dt*" are unilateral shifts. Moreover, Vt and Vt* 

n>l n>l 

are the maximal unilateral shifts contained in T and T*. The multiplicities of the shifts Vt 
and Vt* do not exceed the defect numbers dimS)^* and dimS)^, respectively If T is a 
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completely nonunitary contraction with rank one defects, then (see [13j, Theorem 1.7]) 
T does not contain the unilateral shift <^==^ T* does not contain the unilateral shift 
(2.4) ^ pj i^eiDrn = {0} p| kerD^.n = {0}. 

n>l n>l 

The function (see [23 Chapter VI]) 

Qt{z) = [-T + zDt*{I - zT*)-^Dt) [Dt 

is known as the characteristic function of the Sz.-Nagy - Foias type of a contraction T. This 
function belongs to the Schur class 8(2)^, St*) of C{TiT,'i^T*)-^sl\ied holomorphic in the 
unit disk D operator-functions, i.e., ||0r(z)|| < 1 for 2; G D. Moreover, the function Gt 
satisfies the condition ||6t(0)/|| < ||/|| for all / G Dt \ {0}. The characteristic functions of 
T and T* are connected by the relation 

67.(2) = e^(^), ^gd. 

Two operator-valued functions 61 G S(93Ti,Dli) and 62 G 8(0712,0^2) are said to agree if 
there are two unitary operators : D^i ^ 9^2 and W : 9712 such that 

VQi{z)W = Q2{z), 2GD. 

It is well known [5^ Theorem VI. 3. 4], that two completely nonunitary contractions Ti and 
T2 are unitary equivalent if and only if their characteristic functions and agree. 

Every operator-valued function B from the Schur class S(9Jl, DT) has almost everywhere 
nontangential strong limit values 0(C), C ^ I'- A function 6 G S(2Jt, 91) is called inner if 
e*(C)e(C) = Im for a.e. C e T, and co-mner if e(C)e*(C) = for a.e. C e T. A function 
G S(9K, 91) is called bi-inner, if it is both inner and co-inner. A contraction T on a Hilbert 
space Sj belongs to the classes Cq . (C 0) , if 

s - lim T" = (s - hm T*" = 0), 

n— »oo n^oo 

respectively. By definition Coo := Co flC. o- The completely nonunitary part of a contraction 
T belongs to the class Co, Cq., or Coo if and only if its characteristic function Qt{z) is inner, 
co-inner, or bi-inner, respectively (cf. [39l Section VI. 2]). 

In the following statement [391 Theorem VI. 4.1] the spectrum of completely nonunitary 
contractions is described. 

Theorem 2.1. Let T be a completely nonunitary contraction on H . Denote by St the set 
of points 2 G D for which the operator Qt{z) is not boundedly invertible, together with those 
2; G T not lying on any of the open arcs of T on which Bt is a unitary operator valued 
analytic function. Furthermore, denote by 5*^ the set of points 2; G D for which Qt{z) is not 
invertible at all. Then the spectrum cr(T) ofT agrees with St, and the point spectrum CpiT) 
with S^. 

If T is a completely nonunitary contraction with rank one defects, and if zo is an eigenvalue 
of T, then the geometric multiplicity of zq is one, the algebraic multiplicity is finite, and the 
characteristic function Qt admits the following factorization 



CONTRACTIONS WITH RANK ONE DEFECT OPERATORS 



7 



where |c| = 1, k(t) > 0, \iak(t) G Li[0,27r], is a finite nonnegative measure singular 
with respect to the Lebesgue measure, and {zk} are the eigenvalues of T. In addition, if 
dim if = N < oo, and T is a completely nonunitary contraction in H with rank one defects, 
then its characteristic function is the finite Blaschke product of order of the form 

where zi, . . . ,Zm are distinct eigenvalues of T with the algebraic multiplicities /i, . . . , Z^, 
respectively, /i + . . . + = A^, and ip G [0,27r). Hence, a finite-dimensional completely 
nonunitary contraction T with rank one defects belongs to the class Cqq, and lim | |T"| | = 0. 

n— »oo 

It is easily seen from Theorem 12. II that the point spectrum of a contraction T with rank one 
defects agrees with D if and only if Bj- = 0. 

2.2. Unitary colligations and their characteristic functions. Every contraction T 
acting on Hilbert space H can be included into the unitary operator colligation [TD] Q 

where OK and are separable Hilbert spaces, and 

is a unitary operator. T is called the basic operator of the unitary colligation A. The spaces 
9Jt and DT are called the left outer space and right outer space, respectively. The unitarity of 
U means 



T*T + G*G = Ih, F*F + S*S = Im, T*F + G*S = 0, 
TT* + FF* = Ih, GO* + SS* = I^, TG* + FS* = 0. 



or equivalently, 
(2.5) 

The colligation 

(2.6) Ao= |(^;^^* ; ^T,^T^,H 

provides an example of the unitary colligation with given basic operator T. 
'S G 



Let A = I rp j ; OJl, H j be a unitary colligation. Define the following subspaces 
in H 

(2.7) H^"^ = span {T^FOJl, n = 0,l,...}, H^°^ = span {T*"G*91, n = 0, 1, . . .}. 

The subspaces H^'^^ and H^"^ are called the controllable and the observable subspaces, re- 
spectively. Let 

(2.8) {H^'^Y ■= H e H^''\ {H'^"'^)^ := H Q H^°\ 



^a\so known as the conservative system [5] 
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A unitary colligation A is called prime if + = H. Clearly, the latter condition is 
equivalent to 

{H'^'Y n = {0}, 

From (123]) and ([2SD we get 

{H^^Y = n ker(F*T™) = p| ker(DT-T™) = p| ker(DT-), 

^2 

(if(°))^ = Pi ker(G'T") = p| ker(DTT") = p| ker(DT'0- 

n>0 n>0 n>l 

It follows now from (12.21) that the unitary colligation A = <| ; D^, j> prime if 

and only if T is a completely nonunitary operator. 

Given a unitary colligation A = | ; 371, if j-, its characteristic function [lOl 

Section 3] is defined by 

Q^[z) = S + zG{Ih - zT)-^F, zeB. 

This function belongs to the Schur class S(9Jt, Dl) of C(DJl, 9T)-valued holomorphic in the unit 
disk © operator-functions. In particular, the characteristic function of the unitary colligation 

Ao <m 

Boiz) = {-T* + zDt{I - zT)-^Dt*) [St* 

is in fact the Sz.-Nagy - Foias characteristic function of the operator T*. 
Two prime unitary colligations 

S Gl \ .cm CO TJ \ „„J A _ \ ( S ^2 



which have equal characteristic functions are unitarily equivalent in the following sense [TUl 
Theorem 3.2]: there exists a unitary operator V : Hi H2 such that 

Vn ^ nV, VF, ^ F,, G.V ^ ^ ['^ «) (I ^ S G,^ 

Besides, given 9 e S(9Jl, DT), there exists a prime unitary colligation 



such that Ga = 6 in D [ini Theorem 5.1]. 

Later on in Section 3 we will need the following result. 

Theorem 2.2. Let T he a contraction acting on Hilbert space H with finite defect numbers. 
Suppose that DJl and are two given Hilbert spaces such that dimDT = dirnDx CLnd dimOJt = 
dim Dt* ■ Then all unitary colligations with the basic operator T and outer subspaces OJt and 
take the form 

(2.10) A-|(™ ^?^).<M^'n.H 



^the transfer function of the system [5] 
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where K : Dt ^ and M : 971 — Dt* are unitary operators. The characteristic function 
of A is 

e^{z) = kQt*{z)m, ^gd, 

i.e., Ba agrees with the characteristic function Qx* of T* . 

Proof. Let A = | ;9Jt, D^, ifj- be a unitary colligation. From the relation G*G + 

T*T = Ih it follows that 

\\Gf\\' = \\DTf\\', feH. 
Hence, the operator K : Dt ^ defined by 

KDrf = Gf, fe H, 

is isometric, and rani^ = Similarly, the relation FF* +TT* = Ih yields that the operator 
N : Dt* — > 3Jt given by the relation 

NDT*f = F*f, feH 

is isometric, and ranA^ = DJl. So M = N* : 971 —>■ Dt* is unitary, and F = Dt*M. 

From the relation T*F + G*S = we get T*Dt*M + DtK*S = 0. Hence by (^Jij 
T*M + K*S = 0. As ranM = Dt*, ran if* = Dt, and TDt* C Dt, we have 

S = -KT*M. 

Observe also that 

TG* + FS* = TDtK* - Dt*MM*TK* = 



SS* + GG* = KT*MM*TK* + KD^K* = K{T*T + / - T*T)K* = L 



91; 



S*S + F*F = M*TK*KT*M + M*Dt*M = M*{TT* + / - TT*)M = 1^. 

Thus, all conditions fl2.5p are satisfied, i.e., the colligation A is of the form fl2.10p . 

Conversely, if dimOT = dimD^- < oo, dim 971 = dimDT* < oo, and K : Dt — * 91 and 

'-KT*M KDt 



M : 971 — > Dt* are unitary operators, then one can easily see that U 



Dt*M T 



\ u] unitary operator, i.e., the relations (12.51) are satisfied. It follows that 

is a unitary colligation, where G = KDt, F = Dt*M, S = -KT*M. 
For the characteristic function 0a we obtain for all 2; G D 

Q^(z) =S + zG{I - zT)~^F = -KT*M + zKDt{I - zT)-^Dt*M = KQt* {z)M. 

□ 

Corollary 2.3. LetT he a contraction with finite defect numbers, dim9T = dimS^, dim 971 = 
dimDT*, and /ei A = < ( ^ ) ; 971, 91, if > he a unitary colligation. Then all other unitary 



colligations with the basic operator T and outer subspaces 971 and 91 take the form 
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where Ci and C2 are unitary operators in and 271, respectively. 
Proof. By Theorem 12.21 we have 

G = KDt, F = Dt'M, S = -KT*M, 

where : ^ 971 and A/f : 91 ^ 2)t* are unitary operators. If A = i ( ~ '"^ ) ; 271, 91, if 



is some other unitary colhgation then G = KDt, F = Dx*M, S = ~KT*M, where 
^ : Dt 971 and M : 91 ^ Dt* are unitary operators. Let Ci := KK'^, C2 := M'^M. 
Then Ci and C2 are unitary operators in 91 and 971, respectively, and 

G = CiG, F = FC2, S = C1SC2, 
as needed. □ 

3. Completely nonunitary contractions with rank one defects and the 

corresponding unitary colligations 

Theorem 3.1. Each contraction T with rank one defects on the Hilbert space H can he 
included into the unitary colligation 

^ = t)' 

Let 1 = eC®H, and let the subspaces (ii(^))^ and (ii(°))^ %n H be defined by fM . 
Then 

(H^^Y = (C©iJ) espmjf/"!; n = 0,l,...}, 
^^■^^ = (C©/J)espan{f/*"r; n = 0, 1, . . .}, 

and so the following conditions are equivalent: 

(i) the unitary colligation ^ ~ | i C, C, i/j- is prime; 

(ii) T is a completely nonunitary contraction; 

(iii) 1 is the cyclic vector for U : span {U^l, n & 1^} = C(B H. 

All other unitary colligations with the basic operator T and the outer spaces C are of the 
form 



(3.2) 

where |ci| = |c2| = 1. 



Proof. Since dimSj- = dimS}^* = 1, by Theorem 12.21 we can choose the unitary colhgation 
S G" 
F 

and K : ranDy —* C, M : C —* tbiiDt* are isometric operators. So U 
fC\ . , 

I ^ I IS the unitary operator. 



A = <{ ( p ^ ) ; C, C, }> of the form fl^TUD . i.e., S = -KT*M, G = KDt, F = Dt^M 

S G 

F TI \H 
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To prove (13.11] . suppose that the vector h = G C © is orthogonal to the subspace 
m-nW^l n ^ 0. 1. . . .}. Then U^h X 1. „ ^ 0. 1. . . . so . ^ and S ^ (°) . By using 

(Q* P*\ 
rjn*], we get consequently 

F*h = 0, F*T*h = 0, F*T*2/i = 0, F*T*''h = 0, . . . 

It follows from i^M) that h G (H^^^)^. Conversely, if h e then h ± span {[/"I, n = 

0, 1, . . .}. Similarly, {H'-"^)^ = {C ® H) Q (^span {f/*"l, n = 0, 1, . . .}) , as needed. 
We arrive at the following conclusion: 

1 is a cychc vector for U ^ {H^"^)^ n {H^°^)^ = {0} 

the unitary colligation ^ ~ | ; C, C, if j- is prime <^=^ 

the operator T is completely nonunitary. 

By Corollary 12.31 all other unitary colligations with the basic operator T and the outer 
subspace C are given by (13. 2p with |ci| = |c2| = 1. □ 

Remark 3.2. In terms of the Naimark dilations of a probability operator- valued measure on 
the unit circle, the main result of Theorem 13. II is proved in 114, Theorem 1.20]. 

Let us give more precise expressions for the operators F, G, and S. Let (pi E 'Dt, ^2 ^ Sy*. 
Put 

^1 ^2 

IIV'ill ll¥'2|| 

Then 

Kh = bi{h,ipi), hEianDT, 

M*g = b2{g,^P2), geianDx*, 

where = I62I = 1- Observe that Tipi = —aoip2 and T*ip2 = —Oiofi, where Oq is a complex 
number from D. It follows that 

D|v9i = (1 - laoHv^i, D'^,(f2 = (1 - |«onV52- 

Let po = a/1 — |aoP- Since dim(ranD|,) = dim(ranD|.,) = 1, the number po is a unique 
positive eigenvalue of Dt{Dt*). Next, 

Gh = biiDrh, Lpi) = bi{h, DtV^i) = &iPo(^, V^i), 
F*h = b2{DT*h, if2) = b2{h, Dt*^2) = b2Po{h, (^2), h e H. 
Hence Fl = po^2V^2- Since S = —KT*M, we get 

5'1 = -bib2{T*ip2,fi) = bihoiQ. 

In the case dim H = N < 00 the operator T can be given by the N x N matrix with respect 
to some orthonormal basis and we can choose 1^1 (respectively, ^2), as one of the nonzero 
columns of the matrix / — T*T (J — TT*). In addition, 

Trace{I - T*T) = Trace{I - TT*) = 
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Thus, if V?2 



If 4=1 



(N) 

\v\ 7 



then the column F takes the form F = 62P0 



(AT) 



, then the row G takes the form G = 6ipo (y^i''^ 



-(N) 



Finally, 



the number 5* is given by —bib2{T*(p2,(pi). 

If dim if = and T is a completely nonunitary contraction with rank one defects, then 
0A is a finite Blaschke product 

N 



Hi 

k=l 



Z — Zk 



ZkZ 



where the numbers zi, . . . ,zn are the eigenvalues of T. Since all other unitary colligations 
are of the form (13.2^ . for the characteristic function 6^(z) we get O^(^) = ciC2Qa{z) = 
e'^QAiz), 2 e D, and t G [0,27r). 

Let U he a unitary operator with a cyclic vector e, acting on the Hilbert space H. The 
spectral measure fi associated with U and e provides the relation 



(F(C/)e,e) 



which is the Spectral Theorem for unitaries. For instance. 
(3.3) ^'^^ ' - -^^^ ---1- ^^^"^ 



F{z) = {{U + zI){U - zir'e, e) = 



z G 



is the Caratheodory function (14. lip , i.e., F is holomorphic in the unit disc ReF > in 
D, and F(0) = 1. 

Theorem 3.3. Let T be a completely nonunitary contraction with rank one defects, A = 
S G^ 

' ; C, C, if ^ 5e the prime unitary colligation, and Ba be its characteristic function. 



F T 
Put 

(3.4) 

where U 

(3.5) 



S G 
F T 



Fiz 



H 



{u + zi){u - ziy^i.i) , ze 

ihen 

1 F(z) - 1 



z F{z) + 1' 



Fiz) 



l + zBAiz) 



z e 



1 - zQa{z) 

Proof. We use the well known Schur-Frobenius formula for the inverse of block operators 
(see, e.g., [Ml Section 0.2], [TTl p. 57]). Let ^1 and ^2 be two Hilbert spaces, and $ an 
operator in S)i ® ^2 given by the block operator matrix 



A B 
G D 



^1 
^2 



ill 
i32 
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Suppose that D'^ E £(^2) and (A-BD-^C)-^ G C{Sji). Then G C{Sji ® Sj2, ^1 ® ^2) 
and 



-1 



where K = A- BD-^C. 
Applying this formula for 

we get K = 1 - zS - z^G{I - zT)-^F = 1 - zQa{z). Therefore 

(^{I ~ zU)-%l) = ^i^, ZE 

Let 



1-zQa{z) 
^i/{z) = (^{I + zU) {I - zU)-^ 1,1^ ZE 



Clearly, the equality F{z) = "^{z) holds, which yields (13. 5p . □ 

Remark 3.4. Relations (13. 5p is proved in [HI Theorem 1.20, Comments 2.8]. Our proof is 
different. 

4. OPUC AND CMV MATRICES 

4.1. Basics of OPUC. It is well recognized now that the theory of orthogonal polynomials 
on the real line plays an important role in the spectral theory of self-adjoint operators 
(and close to such operators) acting on Hilbert spaces. Likewise, the theory of orthogonal 
polynomials on the unit circle (OPUC) appears in the same fashion in the study of unitary 
operators and close to such operators. Here we recall some rudiments and advances of the 
OPUC theory. 

If /X is a nontrivial probability measure on T (that is, not supported on a finite set), the 
monic orthogonal polynomials $ji(z,/i) (or if is understood) are uniquely determined 
by 

n „ 

(4.1) <I>„(z) = r[(^-z„,,), / C-^<l>„(C)rf/i = 0, j = 0,l,...,n-l, 

i=i 

so on the Hilbert space L^(T, d^), = 0, n ^ m. We also consider the orthonormal 

polynomials 0„ of the form 0„ = 

In case when fj. is supported on a finite set, that is, 

AT 

(4.2) fi = J2f^kS{Ck), aeT, 

k=l 

a finite number of orthogonal polynomials {^k}k=o '^^^ be defined in the same manner. 

Clearly, (14. ip and the fact that the space of polynomials of degree at most n has dimension 
n + 1 imply 

(4.3) deg(P)=n, P±C^ j = 0, 1, . . . , n - 1 ^ P = c<l>„. 
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On L^(T, (i/i) the anti-unitary map /*(C) '■= C"/(C) (which depends on n) is naturally 
defined. The set of polynomials of degree at most n is left invariant: 

n n 

(4.4) P{z) = Y^p.z^ P*{z) = Y^Pn-jZ^. 

j=0 j=0 

(14. 3 p now implies 

(4.5) deg(P) < n, P±C^, j = l,...,n^ P = c$;. 

A key feature of the unit circle is that the multiplication Uf = zf in L^(T, (iyu) is a 
unitary operator. So the difference $„+i(2;) — z^n{z) is of degree n and orthogonal to z^ for 
j = 1, 2, . . . , n, and by fHTSj) 

(4.6) ^n+iiz) = z(!>niz) - aMKi^) 

with some complex numbers a„(/i), called the Verblunsky coefficients [TF]. fl4.6p is known as 
the Szego recurrences after its first occurrence in the celebrated book [40j of G. Szego. (14.61) 
at 2; = imply 

(4.7) a„(/i) =an = -$n+i(0). 

It is known that for nontrivial measures < 1 for all n = 0,1,2,..., and for trivial 
measures (14. 2 p one has a finite set of Verblunsky coefficients {an}n=o with < 1, n = 
0, 1, . . . , — 2, and |aiv_i| = 1. Since it arises often, define 

(4.8) := 7l-|«,f, 0<p, <1, |a,f + p^2 = l. 
The inverse Szego recurrences are also of interest (cf. [371 Theorem 1.5.4]): 

(4.9) Z^niz) = {^n+l{z) + (^)) . 

The norm of the polynomials in L^(T, dfi) can be computed by: 

n-l 

\\'^n\\ = Ylpj, n = l,2,.... 

j=0 

Let be the set of complex sequences {aj}°^o with \aj\ < 1. The map S, from p 
{aj{iJ,)}'j^g, is a well defined map from the set V of nontrivial probability measures on T 
to 3°°. It was S. Verblunsky who proved that iS is a bijection. As a matter of fact, S 
is a homeomorphism, provided V is equipped with the weak*-topology, and D°° with the 
topology of component convergence. Moreover, it follows directly from (14. 6 p that for two 
measures pi and /i2 

"j(Pi) = "j(P2), j = 0, 1, . . . ,n - 1 ^j{z,iJ,i) = ^j{z,p2), j = 0, 1, . . . ,n. 
Conversely, by (14. 9 p 

^n{z,fli)=^n{z,fl2) ^^(/il) = aj(/i2), j = 0, 1, . . . , n - 1. 

The orthonormal set {0n}n>o does not necessarily form a basis in L^(T, dp) (e.g., if dp = 
dm is the normalized Lebesgue measure on T, then 0„ = ("^ and is orthogonal to all 0„). 
A celebrated result of Szego - Kolmogorov - Krein reads that {4>n} is a basis in L^(T, dp) if 
and only if log/i' ^ L^(T), where p' is the Radon - Nikodym derivative of p with respect to 
dm. In addition, the following result holds true (cf. [37;, Theorem 1.5.7]). 
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Theorem 4.1. For any nontrivial probability measure jj on the unit circle, the following are 
equivalent 

(i) lim ||$„,|| = 0; 

71— »00 
OO 

(ii) ^ |a„p = oo; 

n=0 

(iii) the system {(j)n}'^=o is the orthonormal basis in L^(T, d/i). 

oo 

Note that if ^ |ttnP < oo and P is the orthogonal projection in L^(T, rf/i) onto span {C", n = 

n=0 

0, 1, . . .}, then (see [36] ) 

oo 

(4.10) \\{i-p)a = Up-- 

n=0 

Let us now turn to the basic properties of zeros {znj}^=i of OPUC. It is well known (cf., 
e.g., [371 Theorem 1.7.1]) that \znj\ < 1 for all n and j. Moreover, a result of Geronimus [371 
Theorem 1.7.5] reads that given a monic polynomial P„ of degree n with all its zeros inside 
D, there is a (nontrivial) probability measure on T such that P„ = $„(/i). Actually, there 
are infinitely many such measures, all of them have the same Verblunsky coefficients up to 
the order n — 1, and the same moments up to the order n. Given a monic polynomial P„ 
with all its zeros inside the disk, let us call a monic polynomial Qn+m an extension of P„, if 
there is a measure /i such that 

Pn = $n(/i), Qn+m = $„+m(/U). 

To obtain all such extensions one just has to extend a sequence of Verblunsky coefficients 
ao, . . . , which are completely determined by P„, by a sequence Po, . . . , /3m- 1 with arbi- 
trary Pj G D and then apply (14. 6p . 

One of the most recent advances in the study of zeros of OPUC is the theorem of Simon 
and Totik [371 Theorem 1.7.15], which claims that given a polynomial Pn as above, and 
an arbitrary set of points zi, . . . , Zm in the unit disk, not necessarily distinct, there is an 
extension Qn+m of Pn such that Qn+m{zj) = 0, j = 1, 2, . . . , m, counting the multiplicity. 
The latter as usual means that 

Zk = Zk+l = . . . = Zk+p =^ Qn+m{Zk) = Q'n+mi^k) = ■ ■ ■ = Qn+m{z^k) = 0. 

The uniqueness of such extension is an open problem. A particular case m = 1 appeared 
earlier in [3]. Now j3o = an is defined uniquely from (14. 6 p by 

= Qn+l{Zi) = ZiPn{zi) - anP*{zi). 

This result will play a key role in the inverse problems with mixed data in Section 7. 

4.2. Geronimus theory. There is an important analytic aspect of the OPUC theory which 
was developed by Geronimus [TSldn] in 1940's. 

Given a probability measure on T, define the Caratheodory function by 

(4.11) P(z) = P(^,/i):= / i±irf^(C) = l + 2V/5„z", f5n= I (-''dfi 
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the moments of /i. F is an analytic function in D which obeys ReF > 0, -F(O) = 1. The 
Schur function is then defined by 

so it is an analytic function in D with supp \ f{z)\ < 1. A one-to-one correspondence can 
be easily set up between the three classes (probability measures, Caratheodory and Schur 
functions). Under this correspondence /i is trivial, that is, supported on a finite set, if and 
only if the associate Schur function is a finite Blaschke product. Moreover, this Blaschke 
product has the order — 1 for measures (14.21) . 

We proceed with the Schur algorithm. Given a Schur function / = /o, which is not a finite 
Blaschke product, define inductively 

(4.13) _«±_|_. ,„.;,.(o). 

It is clear that the sequence {/„} is an infinite sequence of Schur functions (called the n^^ 
Schur iterates) and neither of its terms is a finite Blaschke product. The numbers {7n} are 
called the Schur parameters: 

Sf = {70, 71, •••,}• 

In case when 

N 

Z — Zk 



m = n I 



- — ZhZ 

k=l 

is a finite Blaschke product of order A^, the Schur algorithm terminates at the N-th step. 
The sequence of Schur parameters {7fc}^o finite, |7fc| < 1 for = 0, 1, . . . , A^ — 1, and 
\1n\ = 1- 

If a Schur function / is not a finite Blaschke product, the connection between the non- 
tangential limit values f{Q and its Schur parameters {7n} is given by the formula 

(4.14) fT(l - |7„n = exp I / ln(l - \f{C)\')dm\ 

(see [8]). It follows that 

00 

J2\ln\' = oc ^ ln(l-|/(C)P)^L^(T). 

n=0 

In addition, if one of the conditions 

(1) limsup„^^ |7„| = 1, 

(2) lim„^oo 7n7n+m = for each m = 1, 2, . . ., but limsup„_^o^ |7„| > 0, 

is fulfilled, then / is the inner function (see [SH [21]). 

Later in Section 7 we will make use of the following fundamental result of Schur : the 
set of all Schur functions / with prescribed first Schur parameters 70, . . . , 7„ is given by the 
linear fractional transformation 

(4 15) f(z) = ^(^) + ^B*{z)s{z) 

^ ^ B(z) + zA*(z)s(z)' 
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where s is an arbitrary Schur function, and A, B are polynomials of degree at most n. 
Moreover, 

<Sf = {70, • • • , 7n, 7o(s), 7i(-s), ■ ■ ■} 
The pair {A,B), known as the Wall pair, is completely determined by {7j}"=o- Specifically, 



where 



1 



/I - \UJ 

By computing determinants, we see that 



zu 1 



B\z)B{z) - A\z)A{z) = z- - 

so A and B have no common zeros in C \ {0}. In fact they have no common zeros at all 
since B{0) = 1. It is known also that i? 7^ in D, and both AB^^ and A*B^^ are Schur 
functions. 

A straightforward computation shows that (and hence W) are j-inner matrix functions: 

W*{z)3W{z)>j for zgD, 
W*{z)jW{z)=j for zeT 

with the signature matrix 

-1 0^ 
1 



J 



For further properties of the Wall pairs see [211 Section 4], [37^ Chapter 1.3.8]. 

A curious situation when the Schur parameters for a finite Blaschke product can be com- 
puted explicitly was found by Khrushchev [251 formula (1.12)]. Let /i be a nontrivial probabil- 
ity measure (or measure of the form fl4.2p with big enough A^) with Verblunsky coefficients 
{dk}, and $„ be its nth monic orthogonal polynomial. Consider the following Blaschke 
product of order n 

It is a matter of a simple computation based on (14.91) to make sure that 

bo{z)-bo{0) _ <^n-liz) 

z{i-bo{oMz)) K-liz)' 

Hence the Schur parameters of 60 are of the form 

(4.16) Sbo = -an-2, -"o, !}• 

The fundamental paper of Schur [35] had appeared a few years before Szego introduced the 
notion of orthogonal polynomials on the unit circle. Amazingly, neither of them benefited 
from the ideas of the other. Only 20 years later Geronimus put them together and came up 
with the following fundamental result (see [T8l Theorem IX, p. Ill]) 
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Theorem 4.2. Let n be a nontrivial probability measure on T and f its Schur function with 
the Schur parameters jn{f)- Then -ynif) = (^n{,lj)- For measures the latter equality 

holds for n = 0,1, . . . , N — 1. 

It is clear now why a minus and conjugate is taken in fl4.6p . 

We complete with the result which will be used later on in Section 7. 

Theorem 4.3. Given two sets ao, ■ ■ ■ , On-i d'nd zi, . . . ,Zm of complex numbers in D, and 
7 G T, there exists a finite Blaschke product b of order n + m such that 

(i) Sb = {uo, Um-i, ao, • • • , "n-i, 7}; 

(ii) b{zj) = 0, j = 1, . . . ,m, counting multiplicity. 

Proof. Denote f3k '■= — T^n-fc-i, k = 0,1, . . . ,n — 1 and construct a system of monic orthog- 
onal polynomials {$fc(-2, /5)}fc=o by (14.61) . The theorem of Simon- Totik claims that there is a 
measure /x with 

^n{z,fl)=^n{z,P), ^n+m{Zj,fi) = 0, j = l,...,m, 

counting the multiplicity. The first equality means that afe(/i) = f3k, k = 1, . . . ,n—l. Finally, 
put 



b{z) := 7 



n+m 



The result now follows from Khrushchev's formula fl4.16l) . 

Note that for m = 1 the Blaschke product is uniquely determined. 



□ 



4.3. CMV matrices. One of the most interesting developments in the OPUC theory in 
recent years is the discovery by Cantero, Moral, and Velazquez [HI [12] of a matrix realization 
for the operator of multiplication by ( on L^(T, dn) which is a unitary matrix of finite band 
size (i.e., \{CXm,Xn)\ = if |m — n| > k for some k); in this case, = 2 to be compared 
with k = 1 for the Jacobi matrices, which correspond to the real line case. The CMV 
basis (complete, orthonormal system) {Xn} is obtained by orthonormalizing the sequence 
1, (, C^, • • •, and the matrix, called the CMV matrix. 



C = C(^) 



-n,m||m,n=0 



KCXm,Xn)||, m,nGZ_, 



is five-diagonal. Remarkably, the x's can be expressed in terms of 0's and <^*'s: 



X2n{Z)=Z (p2n[Z), X2n+l{Z) 

and the matrix elements in terms of a's and p's: 

Po 




(4.17) 



C = C({« J) 








"iPo 
— ai«o 
a2Pi 
P2P1 




PiPo 
-Pitto 








a3P2 
-a3tt2 






P3P2 



a's are the Verblunsky coefficients and p's are given in (14. 8p . 

It is not hard to write down a general formula for the matrix entries Cij 



, see 



Let 



2e. 



1- -1 



m e Z+, and e_i = 1, so {e^} 



m>0 



+ e. 



m+l 



0, 



{0,1,0,1, 



\r?i+l 
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Then 



(4.18) 

and 

(4.19) 



Cm+l,m ^m+lPm^m ^m—lPm^m+li 



It is clear (cf. ^ Theorem 1]), that any semi- infinite CMV matrix C f l4.17p can be written 
in the three-diagonal block-matrix form 



(4.20) 



with 



(4.21) 



C 



/Bo Co 0- A 
Ao Bi Ci 0- 
Ai B2 C2 ■ 



Bo 
A 

c 



(tto) 



Co = [aipo pipo) , Ao = (^Q^ 



P2nP2n-l 






'P2nOi2n-l 







«2n+lP2ra p2n+lP2n 



Br, 



n 



0:2nP2n-l 



'P2n-lOi2n-2 
—Oi2n(y.2n-\ 



1,2,.... 



There is a nice multiphcative structure of the CMV matrices. In the semi-infinite case C is 
the product of two matrices: C = CJ^, where 

£ = ^(tto) © ^(^2) © • • • ^(a2m) ® • • • , 

(4.22) 

-M = lixi © ^(ai) © ^(as) © • • • © ^(«2m+i) © • • • , 



a 



and ^(a) = _^^J . The finite (A^ + 1) x (iV+ 1) CMV matrix C obeys ao, ai 

D and |a;Ar| = 1 is also the product C = CM., where in this case \l/(aAr) = (oat). 

It is just natural to take the ordered set 1, C""*^, C~^; C^; • • • instead of 1, C, C~^) C^) 
that leads to the alternate CMV basis and the alternate CMV matrix 

/ «o Po 

aipo -aiao a2pi P2P1 

PiPo -pi«o -a2ai -p20ii 

6l^P2 —0302 a^Ps 

psp2 -P3a2 -a4«3 

V / 



(4.23) 



C 



which turns out to be the transpose of C (see [2Zl Corollary 4.2.6]). Furthermore, !!, = £} 
and M= imply C = C* = ML. 

An important relation between CMV matrices and monic orthogonal polynomials similar 
to the well-known property of orthogonal polynomials on the real line 

<l>„(z) =det(z4-C(")) 
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holds, where C*^"-* is the principal n x n block of C. 

One of the most important results of Cantero, Moral, and Velazquez [TT] states that each 
unitary operator U with the simple spectrum (i.e. having a cyclic vector ei) acting on 
some infinite-dimensional separable Hilbert space (respectively, finite-dimensional Hilbert 
space) is unitarily equivalent to a certain CMV matrix in /2(Z+) (respectively, in C"). The 
corresponding a's come up as the Verblunsky coefficients of the spectral measure dfi of U 
associated with ei. This is the analog of Stone's self-adjoint cyclic model theorem. To be 
more precise, let us, following |38j, call a cyclic unitary model a unitary operator U acting on 
a separable Hilbert space Ti. with the distinguished cyclic unit vector vq. Two cyclic unitary 
models, (H, U, Vq) and (7i, If, Vq) are called equivalent if there is a unitary operator W from 
H onto H such that Wvq = vo and WUW~^ = U. It is clear that 60 = (1, 0, 0, . . .)* is cyclic 
for any CMV matrix C. Moreover, every class of equivalent unitary models contains exactly 
one CMV model (£^C,5o). 

5. A MODEL IN THE SPACE L^(T, d/i) OF A COMPLETELY NONUNITARY CONTRACTION 

WITH RANK ONE DEFECTS 

Theorem 5.1. Let T be a completely nonunitary contraction with rank one defects. Then 
there exists a probability measure fi on T such that T is unitarily equivalent to the following 
operator 

(5.1) %hiO = {CKO) , he^:= L\T, dfi) e c, 

where Pf, is the orthogonal projection in L^(T, rf/i) onto Sj. The Schur function associated 
with fi is exactly the characteristic function ofT. 

Proof. Include T into a prime unitary colligation A = | ; C, C, if j-. The character- 

istic function ©a agrees with the characteristic function of T*. By Theorem 13.11 the vector 
1 = is cyclic for the unitary operator U = ^ 

Let Eu{C) be the resolution of identity for U. Define dfi{() := {dEu{()l, 1) and put 

w/(C) = C/(C) 

the unitary multiplication operator in L^(T, dfi). By the spectral theorem for unitaries with 
cychc vectors (cf. [37| Section 1.4.5]) there exists a unitary operator W : C® H ^ L^(T, dfi) 
such that 

U = W-^UW and Wl = 1. 
It follows that W takes the block-operator form 

w °^ 



V J ■ \H J \Sj 

where = L^(T, dfi) Q C, V : H L'^(T, dfi) C is a unitary operator. If % is given by 
fl5A|) . then 

T:= Pf,Wtf) = VTV-\ 
i.e., T is unitarily equivalent to T. Clearly, U has the block form 

'PcU\C PcUlS)' 



u 
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where Pc is the orthogonal projection in L'^{T,dfi) onto the subspace C of the constant 
functions in L'^{T,dfi). The unitary colhgation A is unitarily equivalent to the unitary 
colligation 

(5.2) If^^"!^ 



Note that 



Pc(Wl)= / (dfi, P^{Ul) = C- [ (dfi, Pc{Wl)=(- [ (dfi. 
Jt Jt Jt 

Let F{z) = (^{U + zI){U - ziy^l, l). Then 

F{z) = {{U + zI){U-zI)-\l)= [ ^rfMC), 

i.e., F is the Caratheodory function associated with /i. From Theorem 13.31 we conclude 

1 F{z) - 1 



zF{z) + !'■ 



and so by (14.121) 6a (-z) agrees with the Schur function associated with /i. □ 

Let {$n} be the system of monic polynomials orthogonal with respect to /i, and let {«„} 
be the corresponding Verblunsky coefficients. By Geronimus' theorem {«„} are the Schur 
parameters of /. Let Sj^'^^ be the controllable subspace of the unitary colligation (15. 2p . From 
(O) it follows that 



(Sj^'Y = L^T, dfi) e span {C, n = 0, 1, . . .}. 
If /i is a nontrivial measure, then in view of (14.101) we obtain 



n=0 

The latter is equivalent to 



|2U/2 



||P(^,.))xPc(Wn)|| = J](l- 
n=0 

Hence, from (I2.10p and (12. 7p we have the equivalence 
(5.3) span{T''S)x., n = 0,1, . . .} = S) ^ = oo. 



oo 



n=0 



Remark 5.2. By the construction of Theorem 15. H the Schur function / associated with /i is 
exactly 0a (^)- Another (unitary equivalent) models of T are connected with the operators 

^ j, where |A| = 1. The characteristic function of the unitary colligation 
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is A0A- The model operator Ta takes the form 

The Schur function fx associated with /ia is /a = A / . The connection between the Caratheodory 
functions Fx{z) = (^{Ux + zI){Ux — zl)^"^!, and F is given by 

(1-A) + (1 + A)F(^) 



F^Z) 



(1 + A) + (1-A)F(^)- 



The measures ^x are known as the Aleksandrov measures associated with n [371 Section 
1.3.9]. 



6. Truncated CMV matrices 

6.1. Truncated CMV matrix as a model for contractions with rank one defects. 

Let C = C{{an}) be the CMV matrix given by fl4.17p . Recall that C ({«„}) is the matrix 
representation of the unitary operator U of multiplication by ( in L^(T, cZ/i), where /i is 
the probability measure with Verblunsky coefficients {«„}. By the Geronimus theorem the 
Schur parameters of the Schur function fl4.12p associated with /i are 

The matrix C determines the unitary operator in the space /2(^+) (respectively in C^"^^ in 
the case of {N + 1) x [N + 1) matrix). The vector 6o = (1, 0, 0, . . .)* is cyclic for C. Consider 
the matrix 



(6.1) 



T = T({«„,}) 



/—aiOQ —piQo 
P2pi 









a2ai a^p2 P3P2 

P2«i -0302 -P3"2 

QaPs —a^a^ 



V 



obtained from C by deleting the first row and the first column. It is clear from (I4.20p that a 
semi-infinite T takes on the three-diagonal 2x2 block-matrix form 



r 



(Bi Ci ■ A 

^1 -B2 C2 0- 
^2 C3 ■ 

V J 



where An, Bn, and Cn are defined in fl4.2ip . Henceforth T is called a truncated CMV matrix. 
T is the matrix of the operator T = PsjU\Sj, where P^^ is the orthogonal projection in 
L^(T, dp) onto the subspace Sj = I/^(T, dp) C. 

It is easy to see that given T ( 16. ip . the values a„ are uniquely determined. Indeed, from 
(2,2) and (3,2) entries we have by (14. 8 p = |q;2«iP + P2l'^iP, so |ai| and pi > are 

known, and we find Oq, 02 from (1, 2) and (2, 1) entries of (16. ID . From (2, 1) and (2, 2) entries 
we get p2 > 0, then ai, a^, etc. We call a„ = «n('^) the parameters of T (16. ip . 

As it was mentioned in Section 4.3, C = CA4, C and A4 are defined in (14.220 . Given 
a matrix A, we denote by A^ (A^) the matrix obtained from A by deleting the first row 



(column). Clearly, Ar 
dim ran (J - McM^) = 



So we have T = Cr 



CrM-r- is Isomctrlc with 



1, whereas is coisometric with dim ran (/ — C^Cr) = 1. 
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Let P5^± be the orthogonal projection in /2(^+) (C^"*""^) onto the subspace ^o"*" = hi^) 
(C^). Then the matrix T determines on the Hilbert space 6q the operator T = Pg±C\6o^. 
Let the operators (matrices) 5 : C ^ C, JF : C — > 5^ and ^ : 5^ ^ C be given by 

Q ' 



SI = a, J^l 



/po\ 




aipohi + pipoh2. 



V-/ 



Hence, the matrix C takes the block form 

C = 

From (|2:T0|) it follows that 



s g 



(6.2) 







2 
















h2 










Dr 








hn 








h 




\ 


■■■) 








\ 


■■} 








2 


















h 


2 








Dr 










h 








h 


n 




V- 


/ 








V- 


■1 



pl\aihi + pi/;,2p, = {A(ai5i + pi52, A G C)} 



Pol^iP, Dt* = {A5i, A G C} 



Dr/i = Po(/^,«i5i+Pi52)(ai5i + Pi52), Dr*h = p^{h,5^)5^, h e (C^) 
T(ai5i + pi52) = -ao^i- 
Since 5q is the cyclic vector for C, then by Theorem 13.11 the unitary colligation 



(6.3) 



s g 

T T i ' ^' ^' "0 



is prime, and T is a completely nonunitary operator with rank one defects on the Hilbert 
spaces /2(N) or C^. 
Let 



(6.4) 



F(z) = ((C + ^J)(C-z/)-i5o,5o), f{z) = -^^'^ ^ 



zF{z) + 1 

be the Caratheodory and the Schur functions associated with C. By Theorems 12.21 and 13.31 
/ agrees with the characteristic function of T. 

Proposition 6.1. (1) For a semi-infinite truncated CMV matrix T = T({a„}) the fol- 
lowing statements are equivalent: 

(a) the matrix T does not contain a unilateral shift; 

(b) the matrix T* does not contain a unilateral shift; 

(c) span{r"5i, n = 0, 1, . . .} = fiN); 

(d) span{r™(ai5i + pi52), n = 0, 1, . . .} = ^^(N); 
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(e) Yl l«nP = oo; 

(f) Ml-|/(e^*)p)^Li[-7r,7r]. 

(2) If T is a semi-finite truncated CM V matrix, and one of the conditions 

(a) limsup„^^ = 1, 

(b) lim^^oo ttnttn+m = for m = 1, 2 , . . . , but limsup^^^^ > 
is fulfilled, then 

s- lim T'^ = s - lim T*" = 0. 

n— >oo n— >oo 

(3) IfT is a finite truncated CM V matrix, then lim \\T^\ \ = 0. 

n— >oo 

Proof. (1) Since are the Schur parameters of the Schur function / associated with the 
full CMV matrix C({a„}), and / agrees with the characteristic function of T({a;„}), the 
equivalence of the statements (a)-(f) follows from (Q, O, (Q, (O, flTOj) . flOjl . 
(I5.3p . and Theorems 13.11 and 14 . 1 [ 

(2) Each condition (a) or (b) implies / is inner (see subsection 4.2). Hence T belongs to 
the class Cqq, i.e., s — lim T"- = s — lim T*" = 0. 

(3) The function / is a finite Blaschke product and so inner. Since T is finite-dimensional, 
we get hm ||T'"|| =0. □ 

n— ►oo 

Proposition 6.2. Lei T({a„}), and T{{j3n}) be truncated CMV matrices. Then T {{an}) 
and T{{f3n}) o^^e unitarily equivalent if and only if (3n = e^'^otn for all n and t G [0,2-7?). 
Moreover, if V is the diagonal unitary matrix of the form 

(6.5) V = diag(e^*,l,e^*,l,...), 
then 

(6.6) VT({a4)V-i = T({e**«4). 

Proof. Consider two CMV matrices C({a„}) and C({/?„}), and associated with them Schur 
functions fa and fp. Since these functions agree with the characteristic functions of T({a„}) 
and T({/5n}), respectively, the operators T({a„}) and T({/3„}) are unitarily equivalent if 
and only if /„ and fp differ by a scalar unimodular factor, which in turn yields /?„ = e**a„ 
for all n and t G [0, 27r). 

Equality (16. 6p with V (16.51) can be verified by the direct calculation based on (I4.18p . (I4.19p . 
So T{{an}) and T({e**a„}) are unitarily equivalent. □ 

Remark 6.3. The similar problem for "full" CMV matrices can be considered as well. Let 
two CMV matrices C({a„}) and C({/?„}) be unitarily equivalent by a unitary preserving 5o. 
Then they are identical (see [38l Theorem 2.3]). In general, two unitaries with simple spectra 
are unitarily equivalent if and only if their spectral measures are in the same measure class. 
This is a standard issue in what is called multiplicity theory. So, two CMV matrices are 
unitarily equivalent if and only if their measures are mutually absolutely continuous. For 
instance, a CMV matrix is unitarily equivalent to the free one (a„ = 0) if and only if the 
associated measure /x has the property /x' > a.e. and does not have a singular part. 

From (16. 6p it follows that 

r({e'*a„}) = e^*-^T({a„})e-*-^, t G R, 
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where ^ is a self-adjoint diagonal matrix A = diag(l, 0, 1, . . .). Hence the matrix T({e**a„}) 
satisfies the differential equation 

^ = z {AT{t) - T{t)A) 

and r(0) = r({a„}). 

The next theorem states that truncated CMV matrices are models of completely nonuni- 
tary contractions with rank one defects. 

Theorem 6.4. Let T be a completely nonunitary contraction with rank one defects acting on 
infinite- dimensional separable Hilbert space H (respectively, finite- dimensional Hilbert space). 
Then T is unitarily equivalent to the operator acting on hi^) (respectively, on in the 
case dim if = N) determined by the truncated CMV matrix T = T({a„}), where {an} are 
the Schur parameters of the characteristic function of T . In particular, every completely 
nonunitary contraction with rank one defects is a product of co-isometric and isometric 
operators with rank one defects. 

Proof. Include T into a prime unitary colligation A = | ; C, C, j>. By Theorem 

13.11 the vector 1 = is a cyclic for the unitary operator U = . From the results 

of [m [12] (see also 011 |37j) there exists a unique CMV matrix C such that 

U = W-^CW, 6o = Wl, 

where is a unitary operator from C Q) H onto /2(^+) (C^+^), and 6^ = (1, 0, 0, . . .)*. It 
follows that the operator W takes the block-operator form 

w « 



XJ ■ \HJ 

where X : H Sq is a unitary operator. Hence T = XTX~^, i.e., the operator T is unitarily 
equivalent to the operator in hi^) (C^) given by the truncated CMV matrix T = T({a„}). 

From representation (14.111) of F{z) = (j^U + zI){U — z/)~^l, ij and Theorem 13.31 it follows 

that {an} are the Schur parameters of the function Oa(^) that agrees with the characteristic 
function of T. 

Let Q be an arbitrary unitary operator in 5q. Since T = CrM.ci we get 

T = X-^TX = X-^CrMcX = X-^CrQQ'^McX = LM, 

where M = Q'^McX is an isometric operator with rank one defect, and L = X ^Cj Q is a 
co-isometric operator with rank one defect. □ 

Note that the unitary colligation (16.31) is unitary equivalent to the unitary colligation (15. 2p . 

6.2. The Livsic theorem for quasi-unitary contractive extensions and the cor- 
responding truncated CMV matrix. Let V be an isometric operator acting on some 
Hilbert space H with the domain dom V and the range ran V. The numbers dim(if 0dom V) 
and dim(if ran V") are called the defect indices of V. The isometric operator V is called 
prime if there is no nontrivial subspace on which V is unitary. In [2S1 [27] M. Livsic developed 
the spectral theory of isometric operators with equal defect indices, and their quasi-unitary 
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extensions. A nonunitary operator on if is called a quasi-unitary extension of the isometric 
operator V with the defect indices (n, n), if S agrees with V on dom\^ and maps H QdomV 
into H ran V. 

Let U be the bilateral shift in i.e., U6k = Sk-i, k E Z, where {6k, k E Z} is the 

canonical orthonormal basis in £^(Z). Define Vq by 



dom Vn 



Vo = t/rdom^, 



Then ranVo = ^i*:^. Let the quasi-unitary extension 5*0 of Vq be given by SqSq = 0, 
Sofdomt^o = Vq. Then each point of D is the eigenvalue of Sq. So the spectrum of Sq 
agrees with ©. The following result is essentially due to M. Livsic [26] . 

Theorem 6.5. Let S be a quasi-unitary contractive extension of a prime isometric operator 
V with the defect indices (1, 1). // the whole open disk D consists of the point spectrum of 
S, then V and S are unitarily equivalent to Vq and Sq, respectively. 

Clearly, the rank of the defect operators (/ — SqSqY^"^ and (/ — SqSqY^'^ is equal to one. 
Since the point spectrum of 5*0 is 3, the Sz.-Nagy-Foias characteristic function 6 of Sq is 
identically equal to zero. On the other hand, one can easily show (and it is well known) that 
a completely nonunitary contraction with rank one defects and zero characteristic function 
is unitarily equivalent to the operator SQ)S*, where S is the unilateral shift in £^(N). So the 
operators Sq and S Q) S* are unitarily equivalent. Since all Schur parameters of the function 
= are zeros, the corresponding truncated CMV matrix % = ||to(^, j)|| takes the form 





1 




V... 
















1 





1 



















1 





i.e., to{2k,2k + 2) = to{2k + 1,2k - 1) = l,k>l, and the rest to{i,j) = 0. The matrix 7^ is 
a submatrix of the free CMV matrix Cq corresponding to zero Schur parameters. Each point 
2; of D is the eigenvalue of %. The corresponding eigensubspace is 

91^ = {A (0, 1, 0, z, 0, z^, 0, z^ . . .)*, A e C}. 

Hence, the spectrum of % is the closed unit disk D. 
Let Vo be the operator in £^(N) 

(6.7) dom Vo = f (N) {062} = ker Dr^ , Vq = To\ dom Vq. 

Then ran Vq = £^(N) {c6i} = kei Dj-*, and Vo is isometric with the defect indices (1, 1). 
The contraction Tq is the quasi-unitary extension of Vo with the zero characteristic function. 
Therefore, the truncated CMV matrix Tq is unitarily equivalent to the operator 5*0, and by 
Livsic theorem [26j the isometric operator Vq is unitarily equivalent to Vq. 
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All other quasi-unitary contractive extensions of Vq are given by the truncated CMV 
matrices T = j)|| 



(6i 



r 



















...\ 











1 








1 


































1 










1 













\... 















i.e., t{2k, 2k + 2) = t{2k + 1,2k - 1) = 1, k > 1, t{l, 2) = -re*^, r e (0, 1), is an arbitrary 
number from the interval [0,27r), and the rest t{i,j) = 0. The characteristic function of T 
is the constant function O = re*"^. The spectrum of each such matrix is the unit circle T. 
Because |0~^| = r~^, each of such matrix is similar to unitary matrix [391 Theorem IX. 1.2]. 
The matrices % and T contain the shift 



dom W = span {61,63 



J2n-1, 



.}, W ( ^ hn62n-l ] = 



2n+l- 



,n=l 



n=l 



The matrices 7^* and T* contain the shift 



domW* = span {52,^4, • • • ,52n, • • •}, W* ^ /in52n 



vn=l 



00 

E 

n=l 



h„6. 



nW2n+2- 



Let T be a completely nonunitary contraction with rank one defects and the constant 
characteristic function G, < |G(z)| = r < 1. Then by Theorem 16. 41 T is unitarily equivalent 
to the truncated CMV matrices (16.81) . 

6.3. Sub-matrices of truncated CMV matrices and iterates of their Schur func- 
tions. Along with truncated CMV matrices T({q;„}) ( 16. ip . we consider here truncated CMV 
matrices T{{an}) obtained from the alternate CMV matrix C({a„}) fl4.23p by the same pro- 
cedure. The matrix T({a„} is the transpose of T({a„}) 

/-(Si an a2P^ P2Pa . . .\ 



(6.9) 



and 



T 





a2Pi 


P2P1 







—a2ai 










a3P2 


—0302 


a4P3 





P3P2 


-P3a2 


—0:403 



V 



r({aj) = r*({a„}) = {M.YiCrY = MXc 

As in Section 6.1, it is not hard to show that T({a„}) is a completely nonunitary contrac- 
tion with rank one defects, and its characteristic function / agrees with the Schur function 
associated with Verblunsky coefficients (Schur parameters) {q;„}. Indeed (cf. (16.41) ) 

(c + z/)(c - zi)-^ = (c* + zi){c' - zi)-^ = {{c + zi){c - ziy^y , 

and so F{z) := (^{C + zI){C — zI)^^6Q,6oj = F{z), / = /, as claimed. So, the matrices 
T({q;„}) and T({a„}) are unitarily equivalent. 
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Denote by T^^"* (T^''^) the matrix obtained from T (T) by deleting the first k rows and 
columns. The following result provides the characteristic function of T^''^ 



N 



=0' 



Theorem 6.6. Let jj, he a probability measure on T with Verblunsky coefficients 
N < oo, and let f, C({a„}), C({a„}), T{{an}), T({q;„}) be the corresponding Schur 
function, CMV and truncated CMV matrices, respectively. Then T^^\ T'^^^ are completely 
nonunitary contractions with rank one defects, and the following relations hold: 

^^''"-'nK}^=0) =nW^=2„.-l), ^^'"HK}^=o) =n{«n}l2j, m= 1,2,.... 

So, the characteristic function ofT^'^^ agrees with the A;*'' Schur iterate of f. 
Proof. The relations 

T^'HMLo) = ^({«n}ll), T«({«n}ll) = 

follows directly from fl6.ll) and (16.91) . The rest is a matter of simple induction and the 
definition of the k^^ Schur iterates. □ 

The relation between characteristic functions of the sub-matrices '^^''\{ce}n=o) and the /c*^ 
Schur iterates established in the above mentioned theorem is a complete analog of the result 
concerning the connections between m-functions of a Jacobi matrix and its sub-matrices [21] . 

Let us now go back to the model of Section [51 

Theorem 6.7. Let fi be a probability measure on T with Verblunsky coefficients {<yn}n=0! 
N < (yo. Consider three subspaces in L^(T, /x) 

?i2m:=span{l,C,C,C',C',---,r,r}, 
n2m-i := span {1, (, C, C', • • • , C"', C }, ^2m-i := span {1, C, C, C', • • • , C"', C }• 
Denote by S^2m (^2m-i, ^2m-i) their orthogonal complements in L^(T,fi), and by 



2m 



{P2m-i, Am-i) the orthogonal projections onto 9)2m {^2m-i, ^2m-i), respectively. Then 
the operators 

(6.10) 1kh{() = Pk , h{() e Sjk, %ra-MC) = Pm ((/^(C)) , HC) G ^2m-l, 

are completely nonunitary contractions with rank one defects. The characteristic function of 
%k agrees with the k^^ Schur iterate of the Schur function f{fi), the characteristic function 
of ^2m-i with (2m — 1)*'' Schur iterate of f{fi). So, the operator %k is unitarily equivalent 
to the operator 

(6.11) h{0 p!^'^ , h{0 G L' (T, t//i({a„}^=,)) Q C, 

where Pq''^ is the orthogonal projection onto (T, dfi{{an}n=k)) © ^''^ addition, %2m-i is 
unitarily equivalent to %2m-i- 

Proof. Recall that CMV matrices C({a„} and C({q;„}) represent the unitary operator Uh{Q = 
Ch{C) in L^(T, (i/i({a„})) with respect to the complete orthonormal systems {Xn} and {xn}, 
respectively. Moreover 

n2rn = span {Xo, Xl, ■ ■ ■ , X2m} = SpaU {Xo, Xi,..., X2m}, 
H2m~l = span {XO, Xl, ■ ■ ■ , X2m-l}, 
T-C2m--1 = span {xq, Xi, . . . , X2m-l}- 
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Since 'T^{{c(n}n=o}) i'^i{^n}n=o}) ^he matrix of T f lS.ip with respect to the basis {Xn}n=i 
{{xn}n=i)^ the operators %2m, ^2m-i, and %2m-i have the matrices T^'^"^\ q-(2m-i) ^ 
^(2m-i)^ respectively. From Theorem 16.61 it follows that are completely nonunitary con- 
tractions with rank one defects for all k, and their characteristic functions agree with the 
fc*'^ Schur iterates of /. By Theorems 16.61 and 15.11 the operator Tfc is unitarily equivalent to 
the operator given by (16.111) . We also have 



N ^ 
n=2m— 1 y 



Therefore, the characteristic function of "X^^m ^\{an}n=o) agrees with (2m — l)*'^ iterate 

/2m-i of /, and hence the operators %^'^"^'^\{an}n=o) ^^'^™'~^H{'^n}n=o) unitarily 
equivalent. □ 

We complete the section with the general result from the contractions theory which is 
proved with the help of the truncated CMV model. 

Proposition 6.8. Let T be a completely nonunitary contraction with rank one defects in a 
separable Hilbert space H, dimiJ > 2, and let PkerD^*' PvcxDt the orthogonal projections 
onto ker Dt* and ker Dj- in H , respectively. Then the operators 

Ti := PkerDy, T\ kerZ^T*, Ti := PkcrDT^T kerD^ 

are unitarily equivalent completely nonunitary contractions with rank one defects, and their 
characteristic functions agree with the function 

where h is the characteristic function ofT. 

Proof. By Theorem 16. 41 the operator T is unitarily equivalent to the truncated CMV matrices 
T = T{{an}n=Q) and T = T({q;„}^^q), where {an}n=o the Schur parameters of h, 
N < oo. So, there exists a unitary operators V, V : 6q —>■ H such that 

vrv-^ = vfv-^ = T. 

It follows that 

VDr-V-^ = Dt*, VDfV-^ = Dt, 
and hence Vkei Dq-* = ker Dt*, Vkei Df = ker Dt- Due to (16. 2p we have 

Dr* =Tif = span{5i} 

and 

= Pker Dr* ^ r ker Dr* , f^'^ = Pker D^r \ kei Df. 

Hence 

vr^^)v~^ = Ti, vf^^^v^^ = fi. 

Now from Theorem 16.61 it follows that Ti and Ti are completely nonunitary contractions 
with rank one defects, and their characteristic functions agree with the first Schur iterate hi 
of h. Hence Ti and Ti are unitarily equivalent. 

□ 
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7. Inverse spectral problems for finite and semi-infinite truncated CMV 

matrices 

Consider a N x N truncated CMV matrix 

\ 



pN-lOiN-2 —OiNO-N-lJ 

(for even it looks a bit different). The problem under investigation in the present section 
is the reconstruction of the matrix T (17.11) from either the complete set of its eigenvalues 
or from the mixed spectral data: the part of the spectrum and the part of the parameters 
a„(T). 



(7.1) 



r = r({a„}) 



I —aiUQ 

P2pl 



-a2Q;i «3P2 
-P2<yi -a3«2 



7.1. Existence of a finite truncated CMV matrix with the given spectrum. 

Theorem 7.1. Let zi, Z2, ■ ■ ■ , be not necessarily distinct numbers from the open unit 
disk. Then there exists a truncated N x N CMV matrix T (17. ip which has eigenvalues 
Zi,Z2, ■ ■ ■ , Zn, counting their algebraic multiplicities. Such matrix is determined uniquely up 
to multiplication of its parameters an{T) by the same unimodular factor. 

Proof. Let 

N 

(7.2) b{z) = e''^YlT—^^ [0,271). 

k=i ^-""kZ 

We want to show that h is the characteristic function of a truncated CMV matrix T (17. ip . 
Put 

1 — zb[z) 

which is a rational function with + 1 distinct simple poles lying on T, 'ReF{z) > 0, 
2; G D, and F{0) = 1. It follows that there exists a probability measure dfj, on the unit circle 
supported at those poles, so that 

F{z)= I f^rfMC). 

Let {tto, • • • ,a7v-i,«Af} be the Schur parameters of h, that is the same as the Verblunsky 
coefficients of /i. Construct the (A^ + 1) x (A^ + 1) unitary CMV matrix C of the form (I4.17p . 
Then 

F{z) = ((C + zI){C - zI)-'6o, 6o) , \z\ < 1, 

where Sq = (1,0,..., 0)* G C^+^ Let T be x be truncated CMV matrix of the form 
(17.ip . C has the block form 



CONTRACTIONS WITH RANK ONE DEFECT OPERATORS 



31 



where S = ao, G = (aiPo, PiPo, 
for C, the unitary colhgation A = 



O) , and 



/po\ 




c, c,c 



N 



s g 

nonunitary contraction with rank one defect operators. Let Oa(^) be the transfer function 
of A. By Theorem 13.31 we have 



. Since So is a cychc vector 
is prime. Hence T is a completely 



lF{z) 



zF{z) + 1 



eA(^) = Kz). 



So b{z) agrees with the characteristic function of T. Therefore T has eigenvalues zi, . . . ,z^, 
counting their algebraic multiplicities [39] . 

Finally, let T({q;„}) and T({/3„}) be two such matrices. Each of them is a completely 
nonunitary matrix with rank one defects, and their characteristic functions agree with b 
\2\i . Hence they are unitarily equivalent, and Proposition 16.21 completes the proof. □ 



Example 7.2. Let T be a completely nonunitary contraction with rank one defects on 
iV- dimensional Hilbert space, and let T have just one eigenvalue z = of the algebraic 
multiplicity N. Then its characteristic function agrees with f{z) = e^'^z^ . The corresponding 
Schur parameters are {0, . . . , 0, e**^}. It follows that p„ = 1 for n = 0, . . . , iV — 1. Hence T is 

N 

unitarily equivalent to the A^xN truncated CMV matrix 7/v (see the expressions for % and 

%y. 
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7.2. Uniqueness and reconstruction of a finite truncated CMV matrix from mixed 
spectral data. It is easily seen from (17.11) that a truncated N x N CMV matrix T is 
completely determined by V + 1 independent parameters aj{T), j = 0,1,..., N. The 
problem we discuss here is whether T can be restored from the part of its spectrum (the 
eigenvalues zi, . . . , Zm, of the algebraic multiplicity Ik, k = 1, . . . ,m, with li + . . . + Im = r) , 
and the first N — r + 1 parameters ao{T), . . . , aN-riT). As we will see later on, the solution 
of this problem is unique (if it exists). 

We begin with a simple result from complex analysis. We don't know where exactly it 
appears in the literature, but by all means it is known to experts. 

Lemma 7.3. Let zi,...,Zm he distinct points in D, li,...,lm positive integers, and r = 
li + . . . + Ijn- Suppose that the Nevanlinna-Pick interpolation problem with multiple nodes 



(7.3) 



w 



(J) 

k 5 



J 



0,1 h 



1,2 m 



has two solutions bi and 62? both the Blaschke products of order < r — 1. Then bi 
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Proof. Assume first that Zk 7^ 0, w^^^ 7^ 0, A; = 1, . . . , m. Given a Blaschke product s, we see 
by differentiating the equality s{l/z) = s~^{z) that 



s 



z I s^' {z\ 



where P,- is a polynomial of its variables. Hence 



so we have 



b?iz,)=bi^\zk), b['^^j-j=bi'^(j-j, j=0,l,...,4-l, k=l,2,...,m. 
Then for the difference m = 61 — 62 the relations 

(7.4) M(^)(zfc)=M(^)(^^^ =0, J = 0,1,..., 4-1, A; = 1,2, 

hold. Let now 

h(.\-PlM. 7-19 - Pi(^)g2(^) -P2{z)qi{z) _ p{z) 

qi{z)q2{z) q{z) 
where p, q are polynomials of degree < 2r — 2. The Leibniz formula 

n , / \ (n-k) 



shows by induction that (17. 4p imply 

(7.5) p(^\zk) = p^'U - ] = 0, J = 0,l,...,/fc-l, A; = l,2,...,m. 



But degp < 2r — 2, and there are 2r conditions in (17.51) . so p = 0, as needed. 

Assume next that Zk 0, k = 1, . . . ,m and some of wf^ are zero. Take e & 3, e ^ w^^^ 
and put 

Z — B ^ 

So := — , bi{z) := So{bi{z)), 1 = 1,2. 

1 — ez 

Then both bi and 62 are Blaschke products of order < r — 1 which solve the interpolation 
problem 

b['\zk)=wl^\ J = 0,1,..., Ik -I, k = l,2,...,m, 1 = 1,2, 
where (d^^^ = so{w^^^) 7^ and w^^^ = {so{bi{z)))^^^ 



. The above argument applied to b, 



Z = Zk 



gives 61 = 62 ^ &i = ^2, as needed. 

Finally, assume that zi = 0. Let e 7^ —Zk for all k, and put 

k{z):=biisoiz)), 1 = 1,2. 

Then the Blaschke products 61, 62 of order < r — 1 satisfy 

W\'^k)=wi'\ J =0,l,...,lk-l, k = l,2,...,m, 1 = 1,2 
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and Zk = {zk + e){l + ezk) ^ 7^ 0. Hence 61 = 62, and so 61 = 62- The proof is complete. 

□ 

Theorem 7.4. Let zi, . . . ,Zm be distinct nonzero points in J}, h, . . . ,lm be positive integers, 
and r = li + . . . + Im N . Let a^, ■ ■ ■ , cxn-t G D- If there exists a N x N truncated CMV 
matrix T (17. ip such that zi, . . . Zm are eigenvalues of T with the algebraic multiplicities 
/i, . . . , Im, and Q.j{T) = aj, j = 0, . . . , N — r, then this matrix is unique. 

Proof. If the required T exists then its characteristic function Qr{z) is the Blaschke product 
of order and of the form 

my V N-r 

(7.6) K^)=-''mf^) nf^' 

J-J- \1 - ZkZj -^-^ 1 - VjZ 
k=l ^ ' j=l ■' 

with the given first N — r + \ Schur parameters ao(fc), . . . , aN-r(b). Our goal is to prove the 
uniqueness of such function b. 

According to the result of Schur [35j (see Section 4.2) the set of all Schur functions b with 
given first iV — r + 1 Schur parameters is parametrized by 

(7 7) b(z) - ^i^) + ^B*{z)s{z) 

B{z) + zA*{z).s{z)' 

where s{z) is an arbitrary Schur function, and A, B are polynomials of degree at most N — r. 
Since b is the Blaschke product of order N, it is clear that so is s{z), degs(2;) = r — 1, and 

Sb = {ao, . . . , aN-r, ao(s), • • • , ar-i(s)}. 

Let us solve (17.71) for s: 

_ A{z) - B{z)b{z) 
^ ' -zB*{z) + zA*{z)b{z) ' 

so s{z) satisfies the Nevanlinna-Pick interpolation problem ( 17. 3p . where w']^^ are completely 
determined from the given nonzero z^'s and a/s. By Lemma (7.31 there is at most one such 
s{z), and the uniqueness of b is proved. □ 

Remark 7.5. Suppose that zi, . . . , 2;^ are distinct nonzero points in D, and li + . . . + lm = N , 
so the only is prescribed. It is clear that is completely determined by the choice of Zj 
and their multiplicities Ij-. 

\ If, m 



K^)=e^*n ' «o = &(o) = e^* 

I T \ kZ / 

fe=l ^ ' 7 = 1 



-Zk 



So for all other ao the inverse problem has no solution. 

In the case when one of the eigenvalues is zero, all three possibilities (no solution, unique 
solution, and infinitely many solutions) may occur for the inverse problem in question. For 
instance, there is no solution at all as long as Zi = 0, ao 7^ 0. Assume next, that r = /i = 1, 
zi = 0, and the points ao,«i, • • • ,«Ar-i are taken in D, with the only restriction ao = 0, 
«! 7^ 0. The Blaschke products b^ with the Schur parameters {ao, ai, . . . , a;Ar_i; 7} and 
arbitrary 7 G T are of the form 

N~l 

bJz)=e''zT\ 
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and the corresponding N x N truncated CMV matrices Ty solve the problem. 

Finally, assume that except for the zero eigenvalue of multiplicity k {zi = Z2 = ■ ■ ■ = 
Zk = 0), a few more nonzero (and not necessarily distinct) eigenvalues Ai, . . . , A,, are given, 
as well as the points ao = . . . = ak-i = 0, 7^ 0, . . . , aN-r in If the solution of the 
corresponding mixed inverse problem T exists, its characteristic function takes the form 

where g is the Blaschke product of order N — k — r, g{0) 7^ 0, and the first — A; — r + 1 
Schur parameters of h = z~'^h are given numbers a^, . . . , a^-r ■ Clearly, h is exactly the k^^ 
Schur iterate of h. If the required truncated CMV matrix T exists, then by Theorem 16.61 the 
characteristic function of T*^'^^ agrees with h. It follows now from Theorem 17.41 that T^^^ is 
unique, and since Q.j{T) = 0, j = 0, . . . , — 1, the matrix T is unique as well. 

The situation changes dramatically if we assume that the last parameters of T (17.11) are 
known. In this case we can prove the existence, but not the uniqueness of the solution. 

Theorem 7.6. Let zi, . . . ,Zm and am, ■ ■ ■ Q^Af-i be two collections of arbitrary complex num- 
ber from the open unit disk, and let G T. Then there exists a N x N truncated CMV 
matrix T of the form (17. ip such that 

(i) Zi, . . . , Zm are eigenvalues of T , counting the algebraic multiplicity, 

(ii) a;„(T) = a„, n = m,m + 1, . . . , N . 

Proof. By Theorem 14.31 there exists a Blaschke product h{z) of order such that h{zk) = 0, 
k = 1, . . . ,m, with the Schur parameters 

a„(6) = a„, n = m,m + 1, . . . , N. 

Take now the matrix T (17.11) with a;„(T) = a;„, n = 0, 1, . . . , A^. By Theorem 13.31 the 
characteristic function of T agrees with b{z), that completes the proof. □ 

Theorem 7.6 thereby says that a N x N truncated CMV matrix T can be reconstructed 
from its m eigenvalues and the lower principal block of order N — m. The latter is either 
the truncated CMV matrix 'T'{{an}n=m) its transpose T. 

7.3. Inverse problem for semi-infinite truncated CMV matrix. In this subsection 
we consider the criterion when given complex numbers Zn, n = 1,2,... from D are the 
eigenvalues counting algebraic multiplicity of some semi-infinite truncated CMV matrix. 

Proposition 7.7. Given complex numbers Zn, n = 1,2, ... are eigenvalues counting algebraic 
multiplicity of some semi-infinite truncated CMV matrix if and only if 



y^(l - \zn\) < 00. 



n=l 



Proof. The convergence of the sum is equivalent to the convergence of the Blashke product 

00 _ 

Zk Zk — z 



biz) = n 



Zk I- ZkZ 
k=l 
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Let {q;„} be the Schur parameters of b. The characteristic function of the truncated CMV 
matrix T({a„}) agrees with b. Hence the eigenvalues of T({a„}) are precisely the complex 
numbers {zn}- □ 
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